In this paper, we try to understand the geometry for a nonlocal nonlinear Schrödinger equation (nonlocal NLS) and its discrete version introduced by Ablowitz and Musslimani. We show that, under the gauge transformations, the nonlocal focusing NLS and the nonlocal defocusing NLS are, respectively, gauge equivalent to a Heisenberg-like equation and a modified Heisenberg-like equation, and their discrete versions are, respectively, gauge equivalent to a discrete Heisenberg-like equation and a discrete modified Heisenberg-like equation. From the gauge equivalence, although the geometry related to the nonlocal NLS is not very clear, we can see that the properties between the nonlocal NLS and its discrete version and NLS and discrete NLS have big difference. By constructing the Darboux transformation for discrete nonlocal NLS equations including the cases of focusing and defocusing, we derive their discrete soliton solutions, which differ from the ones obtained by using the scattering transformation.
Introduction
Very recently, Ablowitz and Musslimani investigated a nonlocal NLS equation [1] iq t (x, t) + q xx (x, t) ± 2q(x, t)q * (−x, t)q(x, t) = 0,
which is derived from a new symmetry reduction of the well-known AKNS system, where q(x, t) is a complex valued function of the real variables x and t and * denotes complex conjugation. The nonlocal NLS equation (1) is a new integrable system possessing the Lax pair, infinitely many conservation laws and it is solvable by using the inverse scattering transformation. Like the classical NLS equation, the nonlocal equation (1) keeps the following parity-time transform invariant
x → −x, t → −t, q(x, t) → q * (x, t).
Hence, it is P T symmetric [2] and can be regarded as a mathematical model describing wave propagation phenomena in P T symmetric nonlinear media [3, 4, 5] . The nonlocal NLS has attracted the attention of researchers since its special properties. For example, by using the inverse scattering transformation, Ablowitz and Musslimani obtained its breather solution [1] ; In [6] Sarma etal showed that the P T -symmetric nonlocal NLS (1) can simultaneously support both bright and dark soliton solutions; Valchev [7] studied some basic properties of the nonlocal focusing NLS equation including its scattering operator, the special solutions by using the dressing method, and the Hamiltonian formalism. In addition, dark and antidark soliton interactions in the nonlocal defocusing NLS has been discussed [8] .
On the other hand, Ablowitz and Musslimani [9] also investigated a discrete version of the nonlocal NLS (1)
which is a discrete P T symmetric model, and it contains a linear Lax pair and an infinite many conservation laws. In Ref. 9 , a discrete one-soliton solutions with the unique features of power oscillations and singularity formation has been derived by using a left-right Riemann-Hilbert formulation. In [6] Sarma etal investigated another discrete P T symmetric nonlocal NLS i da n dτ + k(a n+1 + a n−1 ) + a 2 n a * −n = 0.
We have known that the focusing NLS and defocusing NLS are, respectively, gauge equivalent to the Schrödinger flow of maps from R 1 into S 2 in R 3 and from R 1 into H 2 in R 2+1 [10] - [14] . This gives the geometric explanations for the NLS equation. The geometry related to the discrete NLS has also been discussed [15, 16] . So, what is geometric interpretation for the nonlocal NLS and its discrete version? In this paper, we try to understand the geometry for the nonlocal NLS (1) and its discrete version (3) . We will show that, under the gauge transformations, the nonlocal focusing NLS and the nonlocal defocusing NLS are, respectively, gauge equivalent to a Heisenberg-like equation and a modified Heisenberg-like equation, and their discrete versions are, respectively, gauge equivalent to a discrete Heisenberg-like equation and a discrete modified Heisenberg-like equation. From the gauge equivalence, although the geometry related to the nonlocal NLS and its discrete version is not very clear, we can see that the properties between the nonlocal NLS and its discrete version and NLS and discrete NLS have big differences. By constructing the Darboux transformation for discrete nonlocal NLS equations including two cases of focusing and defocusing, we also derive their discrete soliton solutions, which differ from the ones obtained by using the scattering transformation [9] .
2 Gauge equivalent structures of the nonlocal focusing NLS and the nonlocal defocusing NLS
In this section, we try to understand the geometry related to the nonlocal focusing NLS and the nonlocal defocuing NLS through investigating their gauge equivalent structures. We will show that the nonlocal focusing NLS and the nonlocal defocuing NLS are, respectively, gauge equivalent to a Heisenberg-like equation and a modified Heisenberg-like equation. From the gauge equivalence, we can see that there exist big differences between the nonlocal NLS equation and NLS equation. We first recall that the nonlocal focusing NLS equation
is yielded by the integrability condition of the following linear problem [1] :
.
Under the following gauge transformation [11] :
where G is a solution of the system (6) for λ = 0, i.e.,
we can obtainM
The compatibility conditionM t −Ñ x + [M ,Ñ ] = 0 yields a Heisenberg-like equation
From the structure of the matrix M (0) and N (0), we can see that G in (8) has the form
Hence the structure of the matrix S in equation (10) can be given by
where Ω = f (x, t)f * (−x, t) − g(x, t)g * (−x, t). We should remark here that we say equation (10) is a Heisenberg-like equation since it has the same form as the Heisenberg equation, but there exists a big difference between (10) and the Heisenberg equation. In fact, in the case of focusing NLS, i.e., q * (−x, t) = q * (x, t), G in equation (8) has the form
and thus S = G −1 σ 3 G has the form
Set f = a(x, t) + ib(x, t), g = c(x, t) + id(x, t), then the matrix S can be written as
where the vector S=(s 1 , s 2 , s 3 ) T ∈ S 2 in R 3 , and s j , j = 1, 2, 3 is given by
So, equation (10) reduces to the Heisenberg equation
For the one-soliton solution of the nonlocal focusing NLS (5) q(x, t) = 2iae
we solve equation (8) as follows:
Hence S can be solved as
Set f = a(x, t) + ib(x, t), g(x, t) = c(x, t) + id(x, t), then the matrix S in equation (11) can be written as
where
and s j (j = 1, 2, 3, 4) is given by
We thus see that equation (10) can be transformed into
Next we will discuss the gauge equivalence for the nonlocal defocusing NLS equation
which has the Lax pair [1] 
Under gauge transformation:
where G satisfies
with S being defined by S = −iG −1 σ 3 G. The compatibility conditionM t −Ñ x + [M ,Ñ ] = 0 yields a modified Heisenberg-like equation
From the structure of the matrix M (0) and N (0), we can see that G in (19) has the form
Hence the matrix S is given by
where Ω = f (x, t)f * (−x, t) + g(x, t)g * (−x, t). We remark here that we say equation (21) is a modified Heisenberg-like equation since it has the same form as the modified Heisenberg equation, but it has big difference with the modified Heisenberg equation. In fact, we see that in the case of defocusing NLS, the matrix G in equation (19) has the form
,
Set f = a(x, t) + ib(x, t), g = c(x, t) + id(x, t), then the matrix S can be rewritten as
where the vector S=(s 1 , s 2 , s 3 ) T ∈ H 2 in R 2+1 , i.e., s 2 1 + s 2 2 − s 2 3 = −1, and s j , j = 1, 2, 3 is given by
Thus, the modified Heisenberg-like equation (21) leads to the modified Heisenberg equation
where× denotes the pseudo cross product in
For a solution q(x, t) of nonlocal defocusing NLS given by
the solution to equation (19) is
Set f = a(x, t) + ib(x, t), g(x, t) = c(x, t) + id(x, t), then the matrix S in equation (22) can be written as
Thus, equation (21) can be transformed into
In summary, although the geometry related to the nonlocal focusing NLS and the nonlocal defocusing NLS is not very clear, we can see, from their gauge equivalence, that the properties between the nonlocal NLS equation and NLS equation have big differences.
3 The soliton of discrete nonlocal NLS and gauge equivalence
In this section, we will seek the soliton solution of the discrete nonlocal focusing NLS and the discrete nonlocal defocusing NLS through constructing their Darboux transformations. We will show that there is no singular point in the discrete one-soliton solution, which is distinguished from that given in [9] . We will also show that the nonlocal discrete focuing NLS and the nonlocal discrete defocuing NLS are, respectively, gauge equivalent to a discrete Heisenberg-like equation and a discrete modified Heisenberg-like equation. From the gauge equivalence, we can see that there exist big differences between the nonlocal discrete NLS equation and discrete NLS equation.
The soliton of discrete nonlocal focusing NLS and gauge equivalence
The discrete nonlocal focusing NLS is as follows:
which has the discrete Lax pair
We remark here that the Lax pair (28) is different from the one given in [9] . Equation (27) is P T symmetric similar to the classical integrable discrete NLS. Introduce ϕ [1] n = T n ϕ n , where the matrix
with constraint condition:
Suppose Q n is a solution of (27) and ϕ n = (ϕ 1,n , ϕ 2,n ) T is an eigenfunction of linear problem (28) with z = z 1 . Then one can check that ψ n = (−ϕ * 2,−n , ϕ * 1,−n ) T is also the eigenfunction when z = (z * 1 ) −1 .
Assume that det T n (z 1 ) = 0, then the two column vectors in T n (z 1 )(ϕ n , ψ n ) are linear dependent. Thus we get
, where τ n = ϕ 2,n /ϕ 1,n . we have proved that the new linear problem
has the same form as the linear eigenfunction equation (28) except that the Q n , Q * −n in M n , N n are replaced by Q [1] n , Q * [1] −n in M [1] n , N [1] n . The relation between old potential Q n and new potential Q [1] n is
For the seed Q n = 0 and z 1 = α + iβ, the eigenfunctions are ϕ 1,n = z n 1 e ξτ , ϕ 2,n = z
Its norm is
where ν = 2(n − 1)Arg(α − iβ) − 2(n + 1)Arg(α + iβ).
If the z 1 is the form of polar coordinates, i.e., z 1 = αe iβ and α = 1, β ∈ (−π, π], then we get
Note that there is no singular point in discrete one-soliton (34), which is distinguished from that given in [9] . Fig. 1 gives the shape of the discrete one-soliton solution with α = √ 5/2, β = arctan 1/2. On the other hand, if we take the seed solution Q n = ρe 2iρ 2 τ +iφ , ρ, φ ∈ R, then solving linear isospectral equation (28) yields the following eigenfunctions:
So, new soliton solution is
with
It is interesting to note that by choosing the proper parameters, Q [1] n can be rewritten as
This means that the solution |Q [1] n | is a traveling soliton solution. In the specific case, we give out the shapes of |Q [1] n |. Set z = a + ib, a 2 + b 2 = 0, = 1, then we get ∆ = −1 − a 4 − b 2 (2 + b 2 + 4ρ 2 ) + a 2 (2 + 6b 2 + 4ρ 2 ) + 4abi(1 − a 2 + b 2 + 2ρ 2 ). In the case of Im∆ = 0, i.e, a = 0 or b = 0 or 1 − a 2 + b 2 + 2ρ 2 = 0, we discuss the properties of Q [1] n . Case 1: b = 0 • When Re∆ < 0, i.e., 2|ρz| ≤ |z 2 − 1|, we have
Note that M jn , j = 1, 2, ..., 6 is independent of τ , so |Q . To describe the background clearly, we give the graphs at three different space lattice points n = −5, n = 0 and n = 5, respectively.
• When ∆ = Re∆ > 0, we can get a breather-like solution on space lattice n Q [1] n (τ ) = −e i(2ρ 2 τ +φ) e 2(z −2 −1)
Fig .3 shows the breather-like solution where z = 2, ρ = 1.
In this case, we have Re∆ > 0. When b = 0, we find that |Q [1] n (τ )| is a two-solitons without singular and it has local maximum value (see fig.4 , where a = 2, b = ρ = 1).
Case 3: For a = 0, i.e., z = ib In this case, one can check Re∆ < 0. From the formula of Q [1] n , we see that the |Q [1] n | is also a discrete time-period soliton. Fig. 5 gives the discrete period soliton with T = where b = −1/2, ρ = 1. Next we will discuss the gauge equivalence for the discrete nonlocal focusing NLS equation. Let S n G −1 n σ 3 G n , where G n satisfies the linear problem
with the form of
Under discrete gauge transformatioñ
we obtainM
Here we have used the identities
Then by using the discrete zero curvature equationM n,τ =Ñ n+1Mn −M nÑn and comparing the power of z, we get a discrete Heisenberg-like model
where the matrix S n is given by
Set f n = a n + ib n , g n = c n + id n , then S n has the form
and s jn (j = 1, 2, 3, 4) is given by
The matrix equation (46) can be rewritten as
(50) We remark here that if set f * −n = f * n , g * −n = g * n and f n = a n + ib n , g n = c n + id n , then we can show that the matrix S n possesses the form
where the vector S n =(s 1n , s 2n , s 3n ) T ∈ S 2 in R 3 , and s jn , j = 1, 2, 3 is given by
and equation (46) reduces toṠ
This means that the equation (46) is a discrete Heisenberg equation under the condition f * −n = f * n , g * −n = g * n which agrees with a well-known fact that the discrete focusing NLS is gauge equivalent to the discrete Heisenberg equation [15] .
The soliton of discrete nonlocal defocusing NLS and gauge equivalence
For the discrete nonlocal defocusing NLS
its Lax pair is:
We also remark here that the Lax pair (54) is different from the one given in [9] . We have obtained the following Darboux transformation for discrete nonlocal defocusing NLS equation (53):
Further, we have
, and the relation between old potential Q n and new potential Q [1] n can be written as
For seed solution Q n = 0, one can get discrete 1-soliton solution for discrete nonlocal defocusing NLS
1 ). Set z 1 = αe iβ and α = 1, β ∈ (−π, π], then we get
Its shape is given in Fig.6 with α = √ 5/2, β = arctan 1/2. The solution (58) differs from one of the classical discrete defocusing NLS. Taking the seed solution Q n = ρe −2iρ 2 τ +iφ , ρ, φ ∈ R and solving equation (54) give the following eigenfunctions:
We thus obtain new soliton solution
Let us discuss the properties of Q [1] n . Set z = a + ib, a 2 + b 2 = 0, = 1, then we have
Case 1: For b = 0 In this case, due to Re∆ < 0, we find that |Q [1] n (τ )| is a even discrete soliton on time τ when |Q [1] n (τ )| does not exist singularity for some parameters. Fig.7 gives the discrete soliton |Q [1] n (τ )| where b = 2, ρ = −0.5, φ = 0. Note that |Q [1] n (τ )| is related to φ. When φ = 0, |Q [1] n (τ )| has a shift along τ .
we obtainM where s 1n s 1(−n) + s 2n s 2(−n) − s 3n s 5n + s 4n s 6n = 1,
and s jn (j = 1, 2, 3, 4, 5, 6) is given by
C n = 1 2 (2 − 2s 1n s 1(n−1) + 2s 2n s 2(n−1) − s 3n s 5(n−1) − s 5n s 3(n−1) + s 4n s 6(n−1) + s 6n s 4(n−1) ); I n =s 5n s 3(n−1) − s 3n s 5(n−1) + s 4n s 6(n−1) − s 6n s 4(n−1) ; J n =s 5n s 4(n−1) − s 4n s 5(n−1) − s 3n s 6(n−1) + s 6n s 3(−n−1) ; K n =2(s 3n s 1(n−1) − s 1n s 3(n−1) + s 2n s 4(n−1) − s 4n s 2(n−1) );
L n =2(s 3n s 2(n−1) − s 2n s 3(n−1) − s 1n s 4(n−1) + s 4n s 1(n−1) );
R n =2(s 5n s 1(n+1) − s 1n s 5(n+1) − s 6n s 2(n+1) + s 2n s 6(n+1) );
W n =2(s 5n s 2(n+1) − s 2n s 5(n+1) + s 6n s 1(n+1) − s 1n s 6(n+1) );
X n =2(s 1n s 5(n−1) − s 5n s 1(n−1) − s 2n s 6(n−1) + s 6n s 2(n−1) );
Y n =2(s 2n s 5(n−1) − s 5n s 2(n−1) + s 1n s 6(n−1) − s 6n s 1(n−1) ).
It is interesting to note that if set f * −n = f * n , g * −n = g * n and f n = a n + ib n , g n = c n + id n , then we can show that the matrix S n possesses the form
where the vector S n =(s 1n , s 2n , s 3n ) T ∈ H 2 in R 2+1 , i.e., s 2 1n + s 2 2n − s 2 3n = −1, and s jn , j = 1, 2, 3 is given by s 1n = a n d n − b n c n a n c n + b n d n , s 2n = |g n | 2 − |f n | 2 2(a n c n + b n d n ) , s 3n = −|f n | 2 − |g n | 2 2(a n c n + b n d n ) .
Thus, equation (67) leads toṠ n = 2 S n× S n−1 1 − S n · S n−1 − 2 S n+1× S n 1 − S n+1 · S n .
This means that the equation (67) is a discrete modified Heisenberg equation under the condition f * −n = f * n , g * −n = g * n which agrees with a well-known fact that the discrete defocusing NLS is gauge equivalent to the discrete modified Heisenberg equation [16] .
Conclusion and Discussion
In this paper, we have shown that, under the gauge transformations, the nonlocal focusing NLS (the nonlocal defocusing NLS) and its discrete version, discrete nonlocal focusing NLS (discrete nonlocal defocusing NLS) are, respectively, gauge equivalent to a Heisenberg-like equation (modified Heisenberglike equation) and a discrete Heisenberg-like equation (discrete modified Heisenberg-like equation). From the gauge equivalence, we can see that the properties between the nonlocal NLS and its discrete version and NLS and discrete NLS have great differences. We have also obtained the discrete soliton solutions for the discrete nonlocal NLS through constructing the Darboux transformation. These discrete soliton solutions are different from ones obtained by using the scattering transformation. We should point out here that geometric interpretation for the nonlocal NLS and its discrete version is not very clear at the moment. How to understand the meaning of equations (14), (25),(48), and (69)? This problem is worth a further investigation in the future.
